Abstract. In this paper we introduce and investigate 2-absorbing, n-absorbing, (n, k)-absorbing, weakly 2-absorbing, weakly n-absorbing and weakly (n, k)-absorbing elements in a lattice module M . Some characterizations of 2-absorbing and weakly 2-absorbing elements of M are obtained. By counter example it is shown that a weakly 2-absorbing element of M need not be 2-absorbing. Finally we show that if N ∈ M is a 2-absorbing element, then rad(N ) is a 2-absorbing element of M .
is defined as ∨{x ∈ L * | x n a, f or some n ∈ Z + }. An element a ∈ L is said to be nilpotent if a n = 0 for some n ∈ Z + . A multiplicative lattice L is said to be a reduced lattice if 0 ∈ L is the only nilpotent element of L. The reader is referred to [2] for general background and terminology in multiplicative lattices.
Let M be a complete lattice and L be a multiplicative lattice. Then M is called L-module or module over L if there is a multiplication between elements of L and M written as aB where a ∈ L and B ∈ M which satisfies the following properties:
(1) (∨ A proper element N ∈ M is said to be prime if for a ∈ L and X ∈ M ; aX N implies X N or a (N : I M ). A proper element N ∈ M is said to be weakly prime if for a ∈ L and X ∈ M ; O M = aX N implies X N or a (N : I M ).
C. S. MANJAREKAR AND A. V. BINGI
If N ∈ M is a prime element, then (N : I M ) is a prime element in L. An element N < I M in M is said to be primary if for a ∈ L and X ∈ M ; aX N implies X N or a n (N : I M ) for some n ∈ Z + . An element N < I M in M is said to be weakly primary if for a ∈ L and X ∈ M ; O M = aX N implies X N or a n (N : I M ) for some n ∈ Z + . A proper element N ∈ M is said to be p-primary if N is primary and p = √ N : I M is prime. A proper element N ∈ M is said to be p-weakly primary if N is weakly primary and p = √ N : I M is weakly prime. is said to be principal if N is both meet principal and join principal. An element
to be a PG-lattice L-module if each element of M is the join of principal elements of M . For all the definitions in a lattice module and some other definitions, one can refer [7] .
According to [11] , a proper element q ∈ L is said to be a 2-absorbing element if for every a, b, c ∈ L; abc q implies either ab q or bc q or ca q and a proper element q ∈ L is said to be a weakly 2-absorbing element if for every a, b, c ∈ L; 0 = abc q implies either ab q or bc q or ca q. Obviously a prime element of L is a 1-absorbing element and a weakly prime element of L is a weakly 1-absorbing element. According to [6] , a proper element of q ∈ L is said to be a n-absorbing element if for every a 1 , a 2 , · · ·, a n , a n+1 ∈ L; a 1 a 2 · · · a n a n+1 q implies there are n of a i s whose product is less than or equal to q, that is, a i q for some i (1 i (n + 1)) where a i is the element a 1 · · · a i−1 a i+1 · · · a n a n+1
and a proper element of q ∈ L is said to be a weakly n-absorbing element if for every a 1 , a 2 , · · ·, a n , a n+1 ∈ L; 0 = a 1 a 2 · · · a n a n+1 q implies there are n of a i s whose product is less than or equal to q. In this paper we introduce and investigate 2-absorbing, n-absorbing, (n, k)-absorbing, weakly 2-absorbing, weakly n-absorbing and weakly (n, k)-absorbing elements in a lattice module M . We give characterization for 2-absorbing and weakly 2-absorbing elements of M . By counter example we show that a weakly 2-absorbing element of M need not be 2-absorbing.
We establish a condition for a weakly 2-absorbing element of M to be a 2-absorbing element. Finally we show if N ∈ M is a 2-absorbing element then rad(N ) is a 2-
This paper is motivated by [8] and [9] . Many of the results obtained in this paper are versions of results in [8] and [9] . It should be mentioned that there is a significant difference between our results and the already existing ones presented in [8] and [9] , as principal elements of M are used in these proofs. We have generalized the important results of a multiplication module over a commutative ring obtained in [10] to a multiplication lattice module M over a multiplicative lattice L, using the principal elements so as to establish the results of rad(N ).
Absorbing elements in M
In this section we introduce and study absorbing elements of an L-module M .
We begin with the following definitions. n-absorbing if for every a 1 , a 2 , · · ·, a n ∈ L and Q ∈ M ; a 1 a 2 · · · a n Q N implies either a 1 a 2 · · · a n (N : I M ) or there are (n-1) of a i s whose product with Q is less than or equal to N , that is, either a 1 a 2 · · · a n (N :
Definition 2.4. Let n ∈ Z + . A proper element N of an L-module M is said to be weakly n-absorbing if for every a 1 , a 2 , ···, a n ∈ L and Q ∈ M ; O M = a 1 a 2 ···a n Q N implies either a 1 a 2 · · · a n (N : I M ) or there are (n-1) of a i s whose product with Q is less than or equal to N , that is, either a 1 a 2 · · · a n (N :
Definition 2.5. Let n, k ∈ Z + where n > k. A proper element N of an Lmodule M is said to be (n, k)-absorbing if for every a 1 , a 2 , · · ·, a n ∈ L and Q ∈ M ; a 1 a 2 · · · a n Q N implies either there are k of the a i s whose product is less than or equal to (N : I M ) or there are (k − 1) of the a i s whose product with Q is less than or equal to N . Definition 2.6. Let n, k ∈ Z + where n > k. A proper element N of an L-module M is said to be weakly (n, k)-absorbing if for every a 1 , a 2 , · · ·, a n ∈ L and Q ∈ M ;
O M = a 1 a 2 · · · a n Q N implies either there are k of the a i s whose product is less than or equal to (N : I M ) or there are (k − 1) of the a i s whose product with Q is less than or equal to N . Now we give the characterization of a 2-absorbing element of M .
Theorem 2.7. Let M be a CG-lattice L-module and N be a proper element M .
Then the following statements are equivalent:
(1) N is a 2-absorbing element of M .
(2) for every a, b ∈ L and Q ∈ M such that N Q; abQ N implies either
(4) for any elements r, s ∈ L * ,K ∈ M * ; if rsK N then either rs (N :
(2) ⇒ (3) Suppose (2) holds. Let K ∈ M be such that K (N : ab) and ab 
A similar characterization of a weakly 2-absorbing element of M is as follows.
Theorem 2.8. Let M be a CG-lattice L-module and N be a proper element of M .
(1) N is a weakly 2-absorbing element of M .
(2) ⇒ (3) Suppose (2) holds. Let K ∈ M be such that K (N : ab) and 
we must have either K (N : r) or K (N : s) which implies either rK N or sK N . (4) rs (N : I M ) which implies ab (N : I M ). Therefore N is a weakly 2-absorbing element of M .
In the next theorem, we show that the meet and join of a family of ascending chain of 2-absorbing elements of M are again 2-absorbing.
Q ∈ M . Then aQ N j for some j ∈ Z + but abQ N j which implies ab (N j :
as N j is a 2-absorbing element and thus ∨ i∈Z+ N i is a 2-absorbing element of M .
The "weakly" version of above Theorem 2.9 is as follows.
Theorem 2.10. Let {N i | i ∈ Z + } be a (ascending or descending) chain of weakly 2-absorbing elements of an L-module M . Then
Proof. The proof is similar to the proof of Theorem 2.9 and hence omitted.
and hence (N : d) is a 2-absorbing element of M .
The following theorem shows that if an element in M (or L) is 2-absorbing then its corresponding element in L (or M ) is also 2-absorbing.
Theorem 2.12. Let M be a faithful multiplication PG-lattice L-module with I M compact where L is also a PG-lattice. Then the following statements are equivalent:
(1) N is a 2-absorbing element of M . (1) N is a weakly 2-absorbing element of M .
(2) (N : I M ) is a weakly 2-absorbing element of L.
Proof. The proof is similar to the proof of Theorem 2.12 and hence omitted. Proof. The proof is similar to the proof of Theorem 2.18 and hence omitted.
Theorem 2.20. Let N be a proper element of an L-module M and n, k ∈ Z + such that n > k.
(2) If N is (n, k)-absorbing, then N is (n, k )-absorbing for every positive integer k > k.
Proof.
(1) Assume that N ∈ M is (n, k)-absorbing. Let a 1 a 2 · · · a n Q N where
Since N is (n, k)-absorbing it follows that either the product of any k of the a i s is less than or equal to (N : I M ) or there are (k − 1) of the a i s whose product with Q is less than or equal to N and hence N is (k + 1, k)- (1) If N is weakly (n, k)-absorbing, then N is weakly (k + 1, k)-absorbing.
(2) If N is weakly (n, k)-absorbing, then N is weakly (n, k )-absorbing for every positive integer k > k.
Proof. The proof is similar to the proof of Theorem 2.20 and hence omitted. Corollary 2.13 for an n-absorbing element of an L-module M is as follows. Proof. Let N be an n-absorbing element of M and let a i = a 1 · · · a i−1 a i+1 · · · a n where i (1 i n) and a 1 , · · ·, a n ∈ L. Assume that a 1 · · · a n a n+1 (N :
and a i a n+1 (N : I M ) for every i (1 i n). Then as N is n-absorbing,
is an n-absorbing element of L and M is a multiplication lattice L-module. Let
Then as a 1 · · · a n q (N : I M ) and since (N : I M ) is an n-absorbing element we have either a 1 · · · a n (N : I M ) or there exist (n − 1) of a i s whose product with q is less than or equal to (N : I M ) which implies either a 1 · · · a n (N : I M ) or there exist (n − 1) of a i s whose product with qI M = Q is less than or equal to N and hence N is an n-absorbing element of Proof. Let m, n ∈ Z + be such that m > n. Let
Then as N is n-absorbing, we have either Proof. Let a 1 · · · a n Q N with a i Q N for every i (1 i n) where a i is the element a 1 · · · a i−1 a i+1 · · · a n and a 1 , · · ·, a n ∈ L, Q ∈ M . As N is p-primary,
which implies a 1 · · · a n p n . It follows that a 1 · · · a n (N : I M ) and thus N is an n-absorbing element of M . The "moreover" statement is clear. The following theorem shows that under particular condition a weakly 2-absorbing element of an L-module M is 2-absorbing.
Theorem 2.30. If a weakly 2-absorbing element N of an L-module M is such that
Proof. Assume that (N : 
As N is weakly 2-absorbing we get either a(b∨b 0 ) (N :
N which implies either ab (N : I M ) or aQ N or bQ N and we are done. So we can assume that ab 0 X 0 = O M . Likewise we can assume that a 0 b 0 Q = O M and We define a nilpotent element of an L-module M in the following manner.
The consequences of Theorem 2.30 are presented in the form of following corollaries.
Before proving rad(N ) is a 2-absorbing element of M , we prove the results required to show that rad(aI M ) = √ aI M as proved in an R-module M in [10] .
Lemma 3.2. Let L be a PG-lattice and M be a faithful multiplication PG-lattice
We may suppose that X is a principal element. Assume that (( ∧ α∈ a α )I M : X) = 1.
Then there exists a maximal element q ∈ L such that (( ∧ α∈ a α )I M : X) q. As M is a multiplication lattice L-module and q ∈ L is maximal, by Theorem 4 of [7] , two cases arise:
which is a contradiction.
Case 2. There exists a principal element Y ∈ M and a principal element
a α ) and so
Thus the assumption that (( ∧ α∈ a α )I M : X) = 1 is absurd and so we must have Thus the assumption that ((qI M ) : X) = 1 is absurd and so we must have
is a proper element.
Proof. Obviously, (Q : I M ) ∈ L is prime by Proposition 3.6 of [1] . Further, if a √ X : I M , then a n (X : I M ) (Q : I M ) for some n ∈ Z + which implies a (Q : I M ) and so √ X : I M (Q : I M ).
Proof. Let P ∈ M be prime such that N P . Then by Lemma 3.4, (P :
whenever P ∈ M is prime such that N P we have (
Theorem 3.6. Let L be a PG-lattice and M be a faithful multiplication PG-lattice (1) rad(N ) = pI M is a prime element of M such that p 2 I M N . 
